Abstract. A stochastic comparison of solutions of nonlinear stochastic functional differential equations with different drift and diffusion coefficients is obtained. Some known results are generalized.
Introduction
It is well-known that comparison theorems represent a useful tool in the theory of differential equations both in the deterministic and in the stochastic case. A first comparison theorem for ordinary stochastic differential equations was published by Skorohod [11] in 1961. As a consequence of the enormous progress in stochastic analysis his result was generalized and extended by Yamada [12] , Malliavin [8] , Ikeda [6] , and many others. For example, Ikeda [6] studied the temporally homogeneous stochastic differential equations with the identical diffusion terms; Ferreyra [2] , Galchuk [3] , Huang [5] and O'Brien [10] considered the temporally homogeneous stochastic differential equations with the different diffusion terms; Abundo [1] and Geiss [4] investigated nonhomogeneous stochastic differential equations with different drift and diffusion terms.
Considering the effect of the time delay, Maizenberg [9] recently made the first attempt to study the comparison of solutions of stochastic functional differential equations. However, Maizenberg [9] only focused on the case when the diffusion terms are identical. In the present paper, we will consider the nonlinear nonhomogeneous stochastic functional differential equations with different drift and diffusion terms. The conditions in terms of the drift and diffusion coefficients for comparison of the solutions of these equations are formulated. Our result generalizes the results of [1] and [9] . 
Main results
Throughout this paper, unless otherwise specified, we let h > 0 and C([−h, 0];R) denote the family of continuous functions ϕ from [−h, 0] to R with the norm ϕ = sup −h≤θ≤0 |ϕ(θ)|, where | · | is the Euclidean norm in R.
Consider the following two stochastic delay differential equations:
where 
(A2) σ, µ are bounded functions, and there exists a strictly increasing function ρ :
for every t ≥ 0, x, y ∈ R.
Remark 1. Conditions (A1) and (A2) assure the uniqueness and non-explosion of the solutions (see [6] or [7] ); (A2) holds, for instance, if σ and µ are Lipschitizcontinuous, or Hölder-continuous of order greater than . Now we state our main result.
Theorem 1. Assume that (A1), (A2) hold, the functions σ(t, x), µ(t, x) are differentiable with respect to x and t respectively, and there exists a continuous function α(t, x) : R × R → R such that α(t, x) is also differentiable with respect to x and t, respectively, and for ψ ∈ C([−h, 0]; R)
In addition, suppose that for all t ≥ 0 and x ∈ R,
Then, if initial conditions f, g ∈ C([−h, 0]; R) satisfy that f ≤ g, for the solutions of equations (1) and (2), the following holds:
Proof. We assume that f (0) = g(0); if f (0) < g(0), the assertion follows from the case f (0) = g(0). Let us consider the functions
From condition (3), we get that
∂G ∂x > 0. Now fixed t > 0, for any z ∈ J t := {z : z = F (t, x), for some x ∈ R} there exists a unique x = x(z) such that F (t, x) = z. Analogously for any z ∈ J t := {z : z = G(t, x), for some x ∈ R} there exists a unique x = x(z ) such that G(t, x) = z .
Define the processes X 1 (t) and Y 1 (t) by
By Itô formula, we get for fixed t > 0
Now, X 1 (t) and Y 1 (t) are the solutions of stochastic functional differential equations with the identical diffusion terms and initial conditions f (t) and g(t), t ∈ [−h, 0], respectively. By the recent results of [9] , we have
On the other hand, we claim that for fixed t,
In fact, by the condition (4), it follows that F (t, y) ≥ G(t, y), so if F (t, x) ≤ G(t, y) then it follows F (t, x) ≤ G(t, y) ≤ F (t, y). Moreover, since F (t, x) is increasing with respect to the second variable, this implies x ≤ y. Combing with (5) and (6), we have X(t) ≤ Y (t) with probability 1 for all t ≥ 0.
Remark 2. In the case when h = 0, that is, the stochastic functional equations (1) and (2) reduce to the stochastic ordinary differential equations, our result Theorem 1 with α(t, x) ≡ √ 2 is reduced to Theorem 2.1 in [1] . So our result generalizes the main result in [1] .
Remark 3. For the special case when σ(t, x) ≡ µ(t, x), that is to say, stochastic functional equations (1) and (2) with different diffusion terms are reduced to stochastic functional differential equations with the identical diffusion term, if we choose α(t, x) = σ(t, x), then our result Theorem 1 is the same one as the theorem in [9] . So our result generalizes the main result in [9] .
